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On the ba s i s  of a phenomenological  theory  of nonsta t ionary combustion,  equations a r e  obtained 
which desc r ibe  the p r o c e s s e s  in powder combust ion ina  ha l f -c losed  space.  A solution for  these 
equations is  found fo r  smal l  changes in the c r i t i ca l  nozzle section.  The s t a b i l i t y o f p r o c e s s e s  
within the chamber  is invest igated.  

1. Let  us  obtain the different ia l  equations governing the change in gas  p r e s s u r e  and t e m p e r a t u r e  in 
powder  combust ion  in a ha l f -c losed  space.  

Under  the a s sumpt ion  of the exis tence of a thin, chemical ly  equi l ibr ium f lame over  the burning s u r -  
face,  we obtain f r o m  the gasdynamics  equations fo r  a perfec t ,  ideal,  non-heat  conducting gas  in a c h a m b e r  
by neglect ing the ve loc i ty  and kinetic energy as compared  with the speed of sound and the entha!py [1, 2] 

Op 0v t 
0-'~- + div pv = 0, "~  + 7 grad p = 0 (1.1) 

0 (Ep) F div (pvH) ----- O, p = pRT 
8t 

where  E = c v T  and H= cpT a r e  the in ternal  energy and enthalpy, respec t ive ly .  

Af te r  ave rag ing  (1.1) ove r  the volume W we will have equations fo r  the gas  p r e s s u r e  and t e m p e r a t u r e  
in the chambe r  

• 
dt (pWEg) = ( p u ) s S H ~ -  ~ p~Hg 

dW 
- - = u S  dt 

Here  S is  the a r e a  of the burning powder sur face ,  r i s  a known function of y- -  Cp/Cv in the exhaust  
coefficient,  cr i s  the a r e a  of the c r i t i ca l  nozzle section.  [An additional a s sumpt ion  on the sma l lnes s  of the 
p r e s s u r e  g rad ien t s  and the enthalpy in the chamber  was  made in der iving (1.2).] A resu l t  of averag ing  the 
t e m p e r a t u r e  field over  the volume is  the p resence  of a t e m p e r a t u r e  discontinuity on the f l ame  front  under  
nonsta t ionary  conditions (in the s ta t ionary  mode TF = Tg). 

Such a discontinuity does  not exis t  in the solution of the initial  s y s t e m  (i.i), the t e m p e r a t u r e  will be  
a function of not only the t ime  but a lso  the coordinates .  Phys ica l ly  this co r r e sponds  to the appearance  of 
heat waves  (and chemica l  enthalpy waves  a lso  upon var iab i l i ty  of the chemical  composi t ion of the products)  
in the combust ion products  in the nonstat ionary p r o c e s s  [1]. However,  in the case  of complex  gas  motion in 
the space,  the d iss ipat ion of t e m p e r a t u r e  and chemical  enthalpy per tu rba t ions  occurs  sufficiently rapidly,  
in which connection the i r  ave rag ing  over  the volume can be cons idered  justified. 
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To close the s y s t e m  (1.2) it is  n e c e s s a r y  to cons ider  the equations descr ib ing  the nonsta t ionary com-  
bust ion of a condensed substance at the same t ime [2-4]. 

Then introducing the d imens ionless  p a r a m e t e r s  

A~ ~ 1 7 6  A~ V'~--~/'~(7) 1/r / ~ -  2 x( T-~I 

8 T8 ~  TO 8o ~ T0 TS~ S~176 • tk 
T /  ' r / '  % ~  r = w---r-, ts = v ~ ,  x =  t s 

and the functions 
u p 

v = - ~ ,  = = - F  ' 

~g -~- Tg 
TF o ' 

T Ts 
Z =?-, 8= , %= 

T F ~ T F ~ 

T F t u~ W 
8~= r/' ~------ts ' ~=--r w= W--~- 

1 0 ~  i o  

(the degree  supe r sc r ip t  on the functions denotes the i r  s ta t ionary  values) ,  the complete  s y s t e m  of equations 
governing the in ternal  ba l l i s t i c s  of an engine for  any nonsta t ionary p r o c e s s  can be wri t ten  as  

0~ 08 0~ = 0 (~ < 0) 
0--? + v (~, (p) a~ o~, (1.3) 

(0, x) = % (~, r # ( .  ~ ,  ~) = 80 
v =  v (~, (~) (1.4) 

8F = 8F (~, ~) (1.5) 

d'~g : ._~ (T~FSg  - -  l~g ~) "~- (i  ~ "0 ~ g ' l ~  (1.6) X'rw --gi- 

d~ (1.7) 

d~ (1.8) %qy --- vP 

The initial conditions for (1.4)- (1.8) for the exanfinatior~ of transients are their stationary solutions 

8 (B, 0) = 8 0 +  s exp ~ (1.9) 

% (o) = 8 F  (o)  = ~ (o)  = w (o)  = v (o)  = v, (o)  = l . o  

The s y s t e m  (1.3)- (1.9) is  c losed  and pe rmi t s  de terminat ion  of all  the ave raged  in ternal  ba l l i s t ic  cha r -  
a c t e r i s t i c s  of a combust ion cham be r  by means  of a given law of va r ia t ion  of the a r e a  of the c r i t i ca l  nozzle 
sect ion Z(T). (It is  cons idered  that the veloci ty  of gas motion over  the burning powder sur face  is  smal l  and 
i ts  influence on the combust ion veloci ty ,  sur face  t empe ra tu r e ,  and f l ame  t e m p e r a t u r e  is negligible.) 

The main p a r a m e t e r  governing the contr ibution of the effect  of nonsta t ionar i ty  in the t r ans ien t  mode 
is  the p a r a m e t e r  )(0(=tk/tS is  the ra t io  between the c h a r a c t e r i s t i c  t imes  of the chamber  and the heated pow- 
de r  layer) .  It  is  seen that if  )/>>1.0, then the s ta t ionary  combust ion fo rmulas  can be used to compute the 
t r ans ien t s .  However,  taking account  of incomplete  combust ion (the dependence of TF ~ on p and T 0) is needed, 
as  before ,  even in this case .  

It  mus t  be s t r e s s e d  that the formula t ion  of the p rob lem cons idered  he re  within the l imi t s  of a gene ra l -  
ized phenomenological  theory  pe rm i t s ,  in cont ras t  to the t radi t ional  approach  to the solution of the p rob lem 
of nonsta t ionary  powder  combust ion in a ha l f -c losed  space  [3, 4], taking account of two nonisentropic f lame 
effec ts  in pr inciple:  

1) The nonadiabatic  p rope r t y  of a nonsta t ionary f lame front ,  a s soc ia ted  with the t i m e - v a r y i n g  heat 
flux f r o m  the f l ame  to the k -phas e  (the condensed phase); 

2) The incompleteness of the chemical reactions inherent in the combustion of condensed substances 
in the stationary mode at low pressures, and in the nonstationary mode for high temperature gradients ~0 
on the sur face .  

2. It  is  in te res t ing  to inves t igate  the reac t ion  of an engine to sma l l  changes in the c r i t i ca l  nozzle s ec -  
t ion Z (r)= 1 + AZ (r). Linear iz ing the equations, we have in a f i r s t  approximat ion  in A 
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02%~(1) ~ ( 1 )  0~(1) 
0~ ~ 0~ 0~ = ev(1) exp ~ (2.1) 

= ~'s = as(P (~) § bs a(1), ~(~) (--  oo, ~) = 0, v (~) (0, ~) ---- 0 

(p(~) : __l { Ob (~) ~ (2.2) 

t~m(1) = alg(n + b~(1) (2.3) 

v(*) = aa(p(~) § bax(1) (2.4) 

7 --T I. dOg(1)dz ~-~ /)(1) __ X(1) .~- ~--i ~F(1) 2 (77 +__it) W~g~ - -  y'(~) (2.5) 

t a a) Z(1) (2.6) 

v (~) = ~(~) = ~m (~) = (>~(~)=~p(~) = 0 at % = 0 (2.7) 

H e r e  the s u p e r s c r i p t  1 on the funct ions  c o r r e s p o n d s  to the  ampl i tude  of t h e i r  l i n e a r  pe r tu rba t i on ,  and 
aj ,  bj { j=l ,  2, 3) a r e  coe f f i c i en t s  in the expans ion  of func t ions  in ~ F ,  ~ s ,  and v in T a y l o r  s e r i e s  in p e r t u r -  
ba t i ons  of  the g r a d i e n t  ~(1) and the p r e s s u r e  7r (1). The  v a l u e s  of  t h e s e  coe f f i c i en t s  wi thin  the l i m i t s  of the 
c o m b u s t i o n  m o d e l  unde r  c o n s i d e r a t i o n  can be  ob ta ined  by  us ing  the Miehe l son  s t a t i o n a r y  dependences  

TF~ (p, To), TS~ (p, To), u~ T 0) 

( 0L%F ~ q bt ( 00F ~ s (k -Fr -- i) --  q (v-t- I ~) 
al = \ O(p ]= = k + r -- i ' = \"O-~"-J~ = k + r -- t 

a~ = ...,: = s k+r--i ' bs = \ Og ]r k-~r--i 

a3 = -~ = = "-k---~- r -- i ' ~ ~ = k Jc r -- i 

w h e r e  

r = \ OTo ] , '  s - -  k O----ff]-5--Z-]T ~ , q = (Ts - -  To) \ ~ ] p  

3. Us ing  the Lap l ace  t r a n s f o r m a t i o n  in t i m e  

oo 

r (m) = ] O~ (~) e-'~ d~, Be m > 0 
0 

we r educe  the  hea t  conduct ion equat ion  (2.1) to 

d~b * d(}* 
d~' d~ - -  rob* = ev* exp 

~* (--  oo, ~ ) =  0, @* (0, ~) = ~)s* ((0) ----- as{p* § b=a* 

The  so lu t ion  of (3.1) has  the f o r m  

~* (~ )=  ~ s * + s y  e ~ - 8 - e ~  (9 

w h e r e  

(2.9) 

(3.1) 

(3.2) 

(e) -- '& + l / II, + e (3.3) 

We find f o r  the  i raage  of the g r a d i e n t  f r o m  (3.2) 

~(}s* $* (~)= -T-- § Ca - I) -~ (3.4) 

Using (3.4) and executing a s transformation on (2.2)-(2.7), we finally obtain for the images of 
the functions 
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(Xco + t) n* --  v* - -  ~F* -F 1/~g.  = _ 2* 

al~ , a - -  t 
s ~ s * - - b ~ n * - - v  a I ~ + ~ F * = O  

a2a cc- -  t v *  ~ 0 

- -  8 9 s * - - b 3 n * +  a~--g--)v = 0  (3.5) 

whose  solut ion is  r e p r e s e n t a b l e  as  

q~, (~) o~t~ y ,  (~) 
Det 

H e r e  Det is the total  de t e rminan t  of the s y s t e m  and Det  i is  obtained f r o m  this  l a t t e r  by  r ep lac ing  the 
co lumn  with the coef f ic ien t  of 6 i*  by  the  co lumn of coef f ic ien ts  f r o m  the r igh t  hand side in (8.5). 

A f t e r  s e v e r a l  man ipu la t ions  tak ing  account  of  (2.8) and (2.9), we can  wr i te  f o r  De~ and D e t v ,  (we hence -  
fo r th  l imi t  o u r s e l v e s  to ca lcu la t ing  only the combus t ion  ve loc i ty  s ince  the r ema in ing  v a r i a b l e s  a r e  d e t e r -  
mined  analogously)  

q i @ yco)~) + (t + 7coX) [(t - -  a (co)) 6 --  v] + k § i (W X 

x [(t - ~ - ~  - ~ (co))--E- - ( ~  + ~)~ (co)I} (3.6) 

D e t v ,  = (T(O:( Jr- t )  I ( t  - -  ~ @)) ~ - -  v ]  ( 3 . 7 )  
(T - -  t) (k + r -- 1) 

whe re  

c =  3T+---~t--Tbl, d = t - -  b-L 8=-vr--lxk 
2 2 ' 

On the bas i s  of (3.6), (3.7), let  us  examine  a spec i f i c  example  of the change in the in te rna l  ba l l i s t i c  
p a r a m e t e r s  of the c h a m b e r  f o r  a sma l l  s inusoidal  change in the c r i t i c a l  s ec t ion  of a nozz le  w i t h f r e q u e n c y  a 

Z a) ('~) = sin f ~  -~ Y.* (co) -- ~2 _{_ if, 

Keeping in mind  the  use  of the E f r o s  t h e o r e m  f o r  eva lua t ion  of the o r ig ina l s  of  the funct ions ,  let  us  
in t roduce  the new c om pl e x  va r i ab l e  

z = (c0 + V,) v' 

Then the e x p r e s s i o n  f o r  the image  of  the combus t ion  ve loc i ty  wil i  be 

as M~ (,} (3.8) 
U* (Z) = /c -'l-r - -  t M1 (z) [(z 2 - -  1/4)~ -t- n*] 

where  l l ( z )  and Mz(z ) a r e  po lynomia l s  of s ix th  and th i rd  d e g r e e  in z, r e spec t ive ly ,  obtained f r o m  (3.6) and 
(3.7). Let t ing  z i = x  i + JYi l a t e r  denote  the s ix  pa i rw i se  c o m p l e x - c o n j u g a t e  r o o t s  of  the polynomia l ,  and 

z7 = (1/4 + / ~ ) v , ,  z s  = (1 / ,  _ i ~ ) ' / ~  

z~ = - -  (1/4 + ] ~ ) ' / ' ,  z l o  = - -  (~/~ - -  1 ~ )  '/' 

the roots of the equation (z2-1/4)~+a2= O, we can write for the function v*(z) 

v* (z) = F (~) M~ 1~) as 
- 7 " -  lo k + , - - t  

Now, apply ing  the  E f r o s  t h e o r e m  and the second  decompos i t i on  t heo rem,  we obta in  fo r  the o r ig ina l  of 
the combus t i on  ve loc i ty  

8 4 3  



10 ~o 

V(T) - exp(- 'c/4) ! ( u ~ )  
�9 . -- ~ + z ~ u  = V ~  ~ Res F (z) exp du 

4"=1 z i  0 

lO 

= exp ( - -  4 )  ~ ResF(z) e~#'[i + (1) (zr V'7~)] 
i = 1  zi 

(3.9) 

(~(x) is  the e r r o r  in tegra l ) .  Us ing  the p r o p e r t i e s  of  p a i r w i s e  complex -con juga t e  roots ,  le t  us  wr i t e  

w h e r e  

exp (z~,~ - -  ~]ax) = exp (-- ~xx ~___ ]f~) = exp (-- ~ t )  (cos ]~x ~ ] sin f~x) 

exp (z~,~t --  ~]~) : exp (-- ~.~v ~ ]/~) : exp (--  ~.~x) (cos/~ %- ] sin f~x) 

exp (z~,0~t - -  ~1~) : exp (-- ~ _-4- ]]~) : exp (-- :%at) (cos Jar ~__ ] sin fa~:) 
exp (z~,o~x --  x/at) = exp ]~v, exp (z~,~0t - -  ~/~t) = exp (-- ]~t )  

X~ = --  I(Rez~,~)~ --  (Im z,,~) ~ --  a/,l, 

~ = --  [(Re za,,) ~ --  (Ira za,,) ~ - -  ~/J, 

~a = - -  [(Re z~,o) ~ - -  (Ira z~,~) ~ - -  ~/d, 

F u r t h e r m o r e ,  us ing  the nota t ion 

]1 = 2 Re z1. 2 Im zl, 2 

f~ = 2 Rezj,4 Imza,~ 

f~ : 2 Re za,n Im z~,s 

z i z i z i 

and p e r f o r m i n g  the n e c e s s a r y  manipula t ions ,  we r educe  (3.9) to 

va) ('c) = 2B sin (f~t + ~F~ + 2 ~ ,  e -x~" A~ sin (]i~ + ~F.~) 
/ = I ,  2, 8 

H e r e  

(3.10) 

B = V ( R e  [Res W (z s vr~, zs) + Res W (Zl0 ~r~, z~0)]} 2 +{Ira [Res W (z s Vr~, Zs) + Res W (z~0 V~, Zl,)]} ~ 

u/'a = - arc tg Re Res W (zs V-~, zs) + ReRes W (zl0 ~:r, Zl0) 
Im ResW (z8 ]f~, zs) + I m  ResW(zm ~z:~, Zl0) 

A~ = ~ { R e  Res W (z~ ~ ,  z0} ~ + {Ira Res W (z~ ~:~, z0P 
Re Res W (z~ ~'~, zi) 

~F~ = - -  arc tg 
Im Res W (z i ]/'~, zi) 

It fol lows f r o m  the solut ion (3.10) that the f luc tua t ions  in the powder  combus t ion  ve loc i ty  f o r  a p e r i -  
odic change in the a r e a  of  the c r i t i c a l  nozzle  sec t ion  a r e  a se t  of two kinds of f luctuat ions  in a f i r s t  approx i -  
mat ion:  with the f r equency  of the s t imula t ing  f o r c e  ~ and with the na tu ra l  f r equenc i e s  fi of  the condensed  
p h a s e - f l a m e - c h a m b e r  s y s t e m .  Let  u s  note that  if t h e r e  a r e  n r ea l  r oo t s  a m o n g  those f o r  the po lynomia l  
M 1 (z), then (3.9) can  be wr i t t en  a s  

i ~ l  z{ i ~ h + l  

where  the f i r s t  sum  e ~ e n d s  o v e r  al l  the rea l ,  and the second  o v e r  al l  the complex  roo ts .  The p r o p e r t y  of  
the c o m p l e x - c o n j u g a t e  r o o t s  of  the equat ion M 1 (z) = 0 was  taken into account  in wr i t ing  (3.11). 

The method  p r e s e n t e d  above f o r  ca lcu la t ing  the or ig ina l  of  the powder  c o m b u s t i o n  ve loc i ty  is  sui table  
a l so  f o r  obta ining any in t e rna l  ba l l i s t i c  function of  the engine (~F (1), ~g(1), It(l), etc.) .  The na tu ra l  f r equen-  
c ies  fi and the damping  d e c r e m e n t s  ~ti of the s y s t e m  will  hence be independent  of the shape  of a sma l l  nozz le  
p e r t u r b a t i o n  s ince  these  quant i t ies  a r e  gove rned  only by the va lues  of  the r o o t s  of  the c h a r a c t e r i s t i c  equa-  
tion. 

4. The solut ion obta ined  in the p reced ing  sec t ion  f o r  the s y s t e m  r e s p o n s e  to fo r ced  v ib ra t ions  of the 
c r i t i c a l  nozz le  sec t ion  p e r m i t s  a pa s sa ge  in the l imi t  to an  inves t iga t ion  of the s tabi l i ty  within the c h a m b e r  
dur ing  powder  combus t ion .  Indeed, it i s  seen  f r o m  (3.9) and (3.10) that  the p e r t u r b a t i o n  ampl i tude  r e m a i n s  
bounded in t ime  if  the condi t ion  Re zi 2 _< 0 o r  
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He ~ ~< 0 (i = t, 2, 3) (4.1) 

is satisfied, where r a re  the roots  of the charac te r i s t i c  equation writ ten in the fo rm (3.6). 

Let us investigate analytically the limit cases  of the behavior  of the roots  (3.6) as  a function of the 
relationship between the relaxation t imes (is, tk) of the powder k-phase  and the combustion chamber  vol- 
ume. Since the pa ramete r  X = tk/ t  S enters  into the charac te r i s t i c  equation only as the product XW, then the 
formal  passage to the l imit  in X(X >>1.0 or  X << 1.0) is impossible without a simultaneous examination of the 
constraints  on the magnitude of the sys tem natural f requencies .  

Let us consider  the case X >> 1.0. Two possibil i t ies hence exist: 

a) Xr r ~ 1.0, which cor responds  to combustion chambers  with high relaxation t ime of the gas 
exhaust process ;  

b) Xw ~ 1.0, r which cor responds  to quasis tat ionary powder combustion (let us recal l  that the 
dimensionless  frequency w is related to its dimensional value r ~ by means of r = coots ). 

Pe r fo rming  the passage to the limit in (3.6) for  a), we reduce the charac te r i s t ic  equation to 

t - - a k + ( l - - a ) r - i - k - - t = O ' c o  a = l +  V___~+0 ) (4.2) 

whose solution is 

r~ . 7 r~ J r ~" J 

An investigation shows that Re r <- 0 and the combustion p roce s s  is stable if 

k < t.0 for any r (4.4) 
r > ( k - - t ) ~ / ( k + t )  ~t k > t . o  

The dimensionless  vibrat ions frequency is hence w =j~-k/r  on the stability boundary. 

The instabili ty case noted can be observed in powder combustion with constant p r e s s u r e  and was f i r s t  
analyzed in [5]. Assuming r=  0 in (4.2), we obtain the stability c r i te r ion  k-< 1.0 for  powder combustion with 
constant surface  tempera ture  investigated by Ya. B. Zel 'dovich [6]. 

Turning to an analysis  of the possibi l i ty b), and performing the appropriate  passage to the l imi t in  (3.6), 
we have af ter  t r ans format ion  

itie s 

0 (4.5) + ( + s - + T 

The solution of (4.5) is yielded by the express ion 

The stability condition Re wl,2 -< 0 of this mode will be determined, according to (4.6), by the inequal- 

3~ +__i ~ 2:f - - s  at s~";4-i7 

s ~'+1 v < l - - ~ r  at s ~  

(4.7) 

Vibrational combustion modes a re  possible in the domain of values of the pa r ame te r s  s, v, satisfying 

This holds when v 2 <v <vl, where 

( 3 x + l  4 ( t  l - - v ) ~ O  " 2y s - -v )2 - - -#  - - - - f s  

The resul t s  of a complete investigation of (4.5) are  presented graphical ly in Fig. 1. It is seen that the 
engine operating mode under considerat ion can be vibrat ional  in nature (domains 3 and 4), and par t icu lar ly  
vibrat ionaily unstable (domain 4) depending on the values of the exponent in the powder combustion law u = ulpV 
and on the incompleteness  of chemical  energy extraction in the f lame (s = 0 in TF /8  Inp). The domain 2 c o t -  
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Fig.  1 

\ 

o,8 s 

0.41 ~ ? (  

g I , l 
o.~ 0.o,  r.~z 

Fig. 2 

responds  to s tabi l i ty  and the domain 1 to e~ponential instabil i ty.  It  i s  hence in te res t ing  to note that fo r  ~ > 0 
and s > [7 -1 /2+(37-1 ) /27 ]  the p roce s s  is absolutely unstable.  

It  mus t  be noted that O. I. Leipunskii  e x p r e s s e d  quali tat ive reasoning  about the influence of the degree  
of incomple teness  of the chemica l  reac t ions  on the s tabi l i ty  of p r o c e s s e s  in a ha l f -c losed  volume in 1945.* 

The energy  equation fo r  the gas  in the chamber  was not examined in the formula t ion  of the p ro b l em 
of nonsta t ionary  p r o c e s s e s  in [5, 6]. This  is equivalent  to the assumpt ion  of constant  f lame t e m p e r a t u r e  
(7 = 1.0, s = q= 0) and r e s u l t s  au tomat ica l ly  in the imposs ib i l i ty  of exposing the kind of instabi l i ty  elucidated 
above. In fact ,  under  such assumpt ions  the s tabi l i ty  condition t akes  the f o r m  v _  < 1.0 [3] f r o m  (4.7) and (4.8), 
and v ibra t ional  modes  do not genera l ly  exist .  

Now, let  us  turn to the l imi t  case  of smal l  va lues  of the p a r a m e t e r .  F o r  this we put w~(<<l.0 and co ~ 
1.0 in the cha r ac t e r i s t i c  equation (3.6), which co r r e sponds  to c h a m b e r s  with low re laxat ion  t ime.  Af te r  m a -  
nipulation, we will  have 

co2~-oJ 2 D D u ~---~ ~ - - ~ - t  = 0  (4.9) 

where  

C = da3 -]-alb3/2,  D -= (dr - -  6 ) / ( k  • r - -  i) ~, al, E - ~  b3 ~ d  

and the remain ing  p a r a m e t e r s  have been  defined ea r l i e r .  

In genera l ,  the s tabi l i ty  condition resul t ing f r o m  (4.9) is quite awkward in f o r m  and is not p r e s e n t e d  
here .  

However,  in the p a r t i c u l a r  case  of a nonstat ionary combust ion model  with constant f l ame  t empe ra tu r e ,  
the r e su l t s  a r e  comple te ly  v is ib le  since C=a3, D= ( r - 5 ) / ( k + r - 1 )  for  s = q = 0  and 7=1 . 0 ,  and the solution 
(4.9) b e c o m e s  

F['+ m,,~= --L" ;--5" ~, r - -5  /J---~ r - -6  - - (  r - -5  l /  ~ !  

We hence obtain the s tabi l i ty  condition 

< l . 0 ,  r ~ 6  ~ - ( l - - k - - ~ )  ~ / ( l  - ~ k - - v )  (4.10) 

The d imens ion less  v ib ra t ions  f requency on the s tabi l i ty  boundary is  

(4.11) 

Following f r o m  (4.10) the s tabi l i ty  c r i t e r ion  in the case  s = q = p= r =  0 and 7 = 1 will be 

v ~ i  - - k  

Bes ides  the analyt ica l  invest igat ion of the l imit  c~/ses of s tabil i ty p re sen ted  above, instabi l i ty  domains 
s(x) we re  cons t ruc ted  fo r  different  k and q on the ba s i s  of a numer ica l  ana lys i s  and applicat ion of the Des-  
c a r t e s  rule of s igns for  the roots  of (3.6). Curves  1, 2, 3 in Fig. 2 co r r e spond  to the values  k= 0.5, q=0.1;  
k=0 .5 ,  q = 0 . 5 ; k = l . 0 ,  q=0 .1  for  identical values of the p a r a m e t e r s  Y = 0 . 6 6 ,  /~ = 0 . 1 ,  r=0 . 3 .  It is seen 
that  in the (s, • plane the domain of instabi l i ty  ove r  the cu rves  is broadened a s  k and q grow. 

* O. I. Leipunskii,  "On the question of the physical  p r inc ip les  of the in ternal  ba l l i s t i c s  of reac t ive  p ro jec t i l e s , "  
Doctora l  Disser ta t ion ,  Inst i tute  of Chemical  Physics ,  Moscow (1945). 
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